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ORTHOGONAL EXPANSIONS FOR GENERALIZED GEGENBAUER 
WEIGHT FUNCTION ON THE UNIT BALL 

YUAN XU 


Abstract. Orthogonal polynomials and expansions are studied for the weight 
function h‘^{x)\\x\\‘^^— on the unit ball of where is a reflection 

invariant function, and for related weight function on the simplex of A concise 
formula for the reproducing kernels of orthogonal subspaces is derived and used 
to study summability of the Fourier orthogonal expansions. 


1. Introduction 

Fourier orthogonal expansions on the nnit ball := {x € : ||t:|| < 1} of have 

been studied intensively in recent years ([31E]) for the classical weight function 

and, more generally, for the weight functions 

:= hl{x){l - ||a;f > -1/2, 

where is certain weight function that is invariant under a reflection group. Much 
of the progress is based on our understanding of orthogonal structure, encapsulated in 
the concise formulas for the reproducing kernels of orthogonal spaces that are integral 
kernels of orthogonal projection operators. These concise formulas serve as an essential 
tool for studying orthogonal expansions and allow us to define a meaningful convolution 
structure on the unit ball. As an example, let be the space of orthogonal 

polynomials of degree n with respect to Wfj, on Then the reproducing kernel 
Pn{Wf^\ •, •) of this space satisfies the relation ([7]) 

(1.1) Pn{Wfj,-,x,y) = Cf, J + \/l- \\x\\^^l - \\yPtJ (1 - 

where x,y G B"^, is a the normalization constant so that the integral is 1 when n = 0 
and is a multiple of the Gegenbauer polynomial , defined by 

(1.2) := A>0, -l<t<l. 

The orthogonal structure on the unit ball is closely related to that on the unit sphere, 
so much so that the results on the ball can be deduced from the theory of /i-harmonics 
with respect to the reflection group. The concise formula dm plays the role of the 
reproducing kernel (zonal harmonic) for spherical harmonics. 
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In the present paper, we consider the weight function of the form 

:= hl{x)\\x\\'^''{l - llxf 

which we shall call the generalized Gegenbauer weight function on the ball and we 
shall write := when hi^{x) = 1. The additional factor ||a:||^'^, which 

introduces a singularity at the origin of the unit ball, breaks down the connection 
to the theory of /i-harmonics. Some properties already established for Wk,/x,o do not 
extend to the setting of for example, orthogonal polynomials for are no 

longer eigenfunctions of a second order linear differential operators. On the other hand, 
a basis of orthogonal polynomials can still be deduced in polar coordinates and we can 
still deduce a concise formula for the reproducing kernel, based on an integral relation 
for the Gegenbauer polynomials discovered recently in [^. The latter was derived 
for in 0 , it motivates our study here and opens the possibility of carrying out 

analysis on the ball with respect to the weight function Our goal in this paper 

is to explore what is still possible and what might be amiss. 

There is a close relation between orthogonal structure on the unit ball and the stan¬ 
dard simplex of which allows us to consider orthogonal polynomials and expansions 
for the weight functions such as 

d 

:= '^\x\''{l-\x\Y~^, \x\-.= xi +... + Xd, 

on the simplex = {x € : xi > 0 ,..., > 0 , |a;| < 1 }. 

The paper is organized as follows. In the next section we recall necessary definitions 
and study orthogonal polynomials with respect to on the ball. The concise 

formula for the reproducing kernel and orthogonal expansions are studied in the third 
section. The orthogonal structure and expansion on the simplex is studied in the fourth 
section. 


2. Orthogonal polynomials on the unit ball 

We start with the definition of the weight function /i„. Let G be a finite reflection 
group with a fixed positive root system ii_|_. Let cr„ denote the reflection along v € , 

that is, xcTy = x — 2(x, t)/||?;|P for x G R‘^, where (•, •) denote the usual Euclidean inner 
product of R'^. Let k : i—>■ R be a multiplicity function dehned on ii+, which is a 

G-invariant function, and we assume that k(v) > 0 for all v € i?+. Then the function 

(2.1) hYx)= n a^GR'", 

vG-R-i- 

is a positive homogeneous G-invariant function of order 7 ^ := The simplest 

case is when G = Z 2 for which 

d 

( 2 . 2 ) h^{x) = Y[\x^\'^\ K^>0. 

We consider orthogonal polynomials for the weight function on the unit ball 

(2.3) IE«,,^,i.(x) =/i^(x)||x||^''(l - /X >-1/2, u-b 7„-b d/2 > 0, 

where is as in (12.11) . It is easy to verify, in polar coordinates, that restrictions on 
fj, and u guarantee that this weight function is integrable on We further denote 
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:= Wo,/i,y and W^j, := With respect to Wk,^.,v we define an inner product 


(2.4) 




:= K 


f{x)g{x)WK.,n,u{x)dx, 


where is the normalization constant such that = 1- Let !!(( denote 

the space of polynomials of degree at most n in d variables. A polynomial P € !!(( of 
degree n is called an orthogonal polynomial with respect to if {P, Q)^ ^ j/ = 0 

for all polynomials Q G ^n-i- Let be the space of orthogonal polynomials 

with respect to the inner product (12.41) . Then dimllj^ = ^). A basis {Pj,n} 

for is called mutually orthogonal if {Pj,n, Pk,n) ^ i, = 0 whenever j ^ k 

and it is called orthonormal if, in addition, {Pj,m Pj,n) ^ i, = 1- There are many 
different bases for the space Vn{Wk,^^,u)■ The structure of the weight function suggests 
a particular mutually orthogonal basis that can be constructed explicitly. To state 
this basis, we need h-spherical harmonics defined by Dunkl, which generalize ordinary 
spherical harmonics. 

Associated with G and k, the Dunkl operators, (Di,..., are first order difference- 
differential operators defined by (i) 

V^f{x) = 9^/(x) + ^ 

V&R+ 

where v = (vi,..., Vd) and xa^ := x — 2(x, w)t>/||t;|p. This family of operators enjoys 
a remarkable commutativity, PiPj = PjPi, which leads to the definition of the h- 
Laplacian defined by A^, :=T>1 + .. An h-harmonic is a homogeneous polynomial 

that satisfies A/j = 0 and its restriction on the unit sphere is called spherical h- 
harmonics, which becomes ordinary spherical harmonic when k = 0. Let be 

the space of h-harmonic polynomials of degree n. For n yf m, it is known that 


/yh Y‘ 

\-^ n Vi 


:)« := b. f 


Y^ix)Y^ix)hlix)da = 0, Y^entihl), Yr^GUUhl), 


where da denotes the surface measure on ^ and is the normalization constant 
such that (1,1)^ = 1. In polar coordinates, the h-Laplacian can be written as 


(2.5) 


Ah = 


dr2 


2X^ + 1 d 

r dr 




h,0, 


Xk, "Ik + 


d-2 


where r = ||a;|| and A/i.o is the spherical part of the h-Laplacian, which has h-harmonics 
as eigenfunctions. More precisely, if Y^ G H)J(h^), then 


( 2 . 6 ) 


Ah^oY^ix) = -n{n -k 2Xk.)YJ^{x). 


In the case of hK,{x) = 1, Ah becomes the ordinary Laplacian and Ahfi becomes the 
Laplace-Beltrami operator. 

The h-harmonics can be used as building blocks of orthogonal polynomials on the 
unit ball. Let a!^ := and let : 1 < ^ < a!^} be an orthonormal 

basis of 'Hmib'i), normalized with respect to (u-)^, and let Pn°‘’^\t) denote the usual 
Jacobi polynomial of degree n. Define 

(2.7) p;:,(x) := p;^/w,^^y,x) = - I)F^„_2,(a:). 
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Proposition 2.1. The set{P];^:l<£<(T^_2j,0 ^ j ^ ’^/2} *s 0 , mutually orthogo¬ 
nal basis of V^{WK,^fj,^y) and the norm of is given by 

,pnpn\ ^ (u + 7 k + ^)j (^ - j + U + + 7 b + ^ 

^ j!(u + /i + 7K + ^)„-,(n + u + M + 7K + ^) ■ 

where (a)n denotes the Pochhammer symbol, (a)n '■= a(a + 1) • • • (a + n — 1). 


Proof. In polar coordinates, it is easy to see that 

(/> 9 ) 




/' {f{r-),g{r-))y-^+^^-+^''[l - r^y-^/^dr, 
Jo 


from which the orthogonality of follows from the orthogonality of h-spherical 
harmonics and of the Jacobi polynomials. The proof is similar to that of classical 
orthogonal polynomials for Wn on the unit ball, the details can be worked out as in 
[51 Prop. 5.2.1]. □ 


In the case of u = 0, the orthogonal polynomials are closely related to the h- 
spherical harmonics associated with h?yx)\xd+i\^^ on the sphere S'*, so much so that 
it can be deduced from (12.61) that the orthogonal polynomials in V^(ITre,^,o,B'*) are 
eigenfunctions of a second order differential-difference equation; more precisely, 

(2.8) P..^P = VP G B-*), 

where := n{n -f 2 Afe -\-2p-\-\) and 

Dk,^i '■= — {x, V) — (2Ak + 2p l)(x, V). 

This property plays an important role in the study of Fourier orthogonal expansions 
on the unit ball; for example, it allows us to define an analogue of the heat kernel 
operator. One naturally asks if there is an extension of this property for the case 

vyo. 

For this purpose, it is easier to rewrite the basis in ( 1 ^ in terms of the generalized 
Gegenbauer polynomials C^'^\ which are orthogonal polynomials with respect to the 
weight function — ^ 2 ^ 0-172 [—1,1] (see jS] Section 1.5]). These polynomials 

satisfy a difference-differential equation that we record below. 

Proposition 2.2. The Generalized Gegenbauer polynomials satisfy the equation 

(1 — tYy"{t) — (2a-|- 26-|- \)ty'(t) -f — {t) — ^ -|-n(n-|- 2a -I- 2b)y{t) = 0. 

In polar coordinates {xi,X 2 ) = r(cos0,sin0), the polynomials (cos0) are 

h-spherical harmonics associated with on S^, so that the above proposition 

follows from (12. 6 |) . It is known that 

dfft) = _ 1), 

(0 -f 5)„ 

which are even functions and for which the differential-difference equation in the propo¬ 
sition simplifies to 

(2.9) (1 — t^)y" — (2a -1-26-1- l)ty' —y' -|- n(n -I- 2a -|- 2b)y = 0. 

In terms of the basis (12.71) becomes 

py{w,,^y,x) = 
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where c(j) is a constant. The differential-difference equation can be verified using the 
following lemma. 


Lemma 2.3. Let g{x) = p(||a;||)T^_2j with p being a polynomial of one variable and 
Yn- 2 j € 'Hn- 2 j- In the polar coordinates x = rf,, f and r > 0, 


t^hg{x) 
d 


p"(r) + 


2 (n — 2j) 2 Ak -f 1 , 


p'{r) 


Yt2jix), 


dr 

dr^ 


9{x) 

9{x) 


p'{r) 


p"{r) 


n - 2j 


p{r) 


Yn-2j{x), 


2{n-2j) {n - 2j){n - 2j - 1) ' 

- P [r) H-5- p{r) 


Y::.2ji^). 


Proof. Using the fact that (a^) = t" the proof of the first item follows 

from (1^ and (1^ . The detail, and the proof of the other two identities, amounts to 
a straightforward computation. □ 

In the polar coordinates x = r^, it is easy to verify that (x, V) = r-^. Hence, 
using the identities in the lemma, we can give a direct proof of (12.81) as follows: setting 

p{r) = (72^’" using (12.9|) . it is straightforward to verify that (12.81) 

holds for Pf‘-{WK^fj.y,x), which establishes the identity for all elements in 
since the terms in (12.81) are independent of j. 

For the case u fy 0, we need to apply the lemma with Pj{r) = 2) 

The same consideration, however, yields the following weaker result: 


Proposition 2.4. The polynomial P{x) = Pf‘j{WK,^^^y]x) in (12.71) satisfies 

(2.10) (A,, - {x, - (2A„ + 2g + 2i^+ l)(x, V))P 

2u 

+ TT—77j((x, V) - (n - 2j))P = -n{n -|- 2Afc + 2p + 2v P 1)P. 

lulr 

The last term in the left hand side in (12.101) . which can be written as p'{\\x\\)Y^_ 2 j{x) 
with p{r) = p^n-i/2,n-2j+Xk+P ^ 2 r'^ _ 1) by the second identity in Lemma 1^31 de¬ 
pends on the index j in Pf^j{WK^^^„;x). This means that the (I2.10|) works only for 
but does not work for all elements in This is unfortunate, 

since the fact that V)((1 Uk,^,o) satisfies the equation (12. 8|) is essential for defining an 
analogue of the heat kernel operator and for define a iF-functional, both of which play 
an important role in analysis with respect to the weight function 

We end this section with two relations between orthogonal polynomials that have 
different v index. 


Proposition 2.5. Let Xk,i/,h = P v P g + I. Then the orthogonal polynomials in 
(lO) satisfy the relations 

(n P \k P V P p P \)PTjiWK.,v,v\ x) 

= {j Y P~ \)Pij\(Wk,,ii,u+i]x) P{n — jPXK,PvPpP I)Pt',j^K„r,’2+i\x), 


and 


{n P Xk, P 12 p p p |)||x|pP/)j(Hfy,^,iy+i; x) 

~ (j T x) P {2n — 2j -|- Ak -|- u -l- x). 
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Proof. Using (EH), these two identities follow from the corresponding identities for the 
Jacobi polynomials given in [TJ (22.7.16)] and [TJ (22.7.19)]. □ 

3. Orthogonal expansions on the unit ball 
With respect to the mutually orthogonal basis in the Proposition 12.11 the 

Fourier coefficient of / G B"*) is defined by := and the 

Fourier orthogonal expansion of / is defined by 

OO '^n- 2 j 

/ = XI with proj])’'"’'"/(x) := ^ 

n=0 0<j<n/2 f=l 

The projection operator proj])’'^’'" : B"^) i-A can be written as 

proj])’'"’''/(a;) = f f{y)PniWK^^^^;x,y)W^^f,^^{y)dy, 

where Pn(bFK,p,i/; •, •) is the reproducing kernel of V^{WK.,fj.,u) and 


(3.1) 


Pn{W.,>2y,x,y) := ^ Y. 

0y<n/2 e=l 

It is known that the reproducing kernel is independent of the choice of orthonormal 
bases. For the study of Fourier orthogonal series, it is essential to obtain a concise 
formula for the reproducing kernel. 

First we need a concise formula for the reproducing kernel of the h-spherical har¬ 
monics, for which we need the intertwining operator W between the partial derivatives 
and the Dunkl operators, which is a linear operator uniquely determined by 

141 = 1, v^Vi = Vt A14 = W5„ \<i<d, 

where is the space of homogeneous polynomials of degree n in d variables. The 
operator 14 is known to be nonnegative, but the explicit formula of 14 is unknown in 
general. In the case Z2, 14 is an integral operator given by 

/ d 

f{xit ^... ,Xd4) TT(1 + U){1 - UT'~'^dt, 

-FI]'' tJi 

where = Ilfci and Ca = F(a -I- l/2)/(-y7rr(a)) and, if some Ki = 0, the formula 
holds under the limit 

(3.3) 


hm c„ f{t)il - t^r-^dt = i [/(I) + /(-I)]. 


Let : 1 < ^ < cr!f} be an orthonormal basis of Then the reproducing 

kernel of P(((h^) is given by the addition formula of h-spherical harmonics. 


(3.4) 


YYnA)yUy) = 


1=1 


rl. + - 




where is a multiple of the Gegenbauer polynomial 

n + X 


zAt) ■■= 


-1 < t < 1. 
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d-l 


For convenience, we define, for given k, u, fi, 

:= u + M + 7 k + 2 • 

Theorem 3.1. Let u > 0. If fi > 0, 

(3.5) / f f Vi^[Z^'^’i^’‘'{C{-;\\x\\,y,u,v,t))]{x') 

J-lJo J-1 

X (1 - - uy^ + '^duil - vy-idv, 

where aK,,ti,v is a constant such that the integral is 1 if n = 0 and 


C(-; r, y, u, V, t) := r \\y\\uv + r{-,y){l - u) + t; 

furthermore, if y = 0, then the formula holds under the limit jSSI). 

Proof. By (12.71) . (13. 1|) and the addition formula (13.41) . 


LfJ 


Pn{W.,,y,x,y) =Y.Hi,nPj ^'^^■-\2\\xf - - 1) 


7=0 


X a; 


"-27||yp-2i 


14 


Zn-%^ ii-^y')) (x), 


where := n — 2j + Xk,i, — ^ and x = ||a;||a:'. The sum in the right hand side is 
close to the addition formula for an integral of the Gegenbauer polynomial, except that 
the index of does not match. This is where the new integration relation on the 

Gegenbauer polynomials comes in, which states, as shown recently in [^, that 

Z^{x) = Cf^(7x+i,fj. J j Z^'^''{uv + - u)x)u''~^{\ - u)^du{\ - v'^Y~^/'^dv, 


where A > —1/2, u > 0, := := Using this relation, we 

can write 

- [nj 

Li=o 


r(At+i) 


Pn(y^K,fi,u]x,y^ — J' J' 14 


X P 


iU-k’Pxn) 


(2||xf - l)\\xr-^^\\yr-^^zZ;f'^{s{;y') + {l-)y) 


(x) 


X sYl - sY-^ds {1 - y^Y-^/^dy. 

the stated result since the sum insi( 
the Gegenbauer polynomial 
is similar to the proof of Theorem 3.4 in [^, where the case k = 0 is established. □ 


This gives the stated result since the sum inside the bracket can be summed up as an 
integral of the Gegenbauer polynomial . This last step is involved but the detail 


In the case of u = 0, a concise formula of the reproducing kernel Pra(114,^,o) was 
established in [8], which can be obtained as the limiting case of (13.51) under the limit 
process of (13.31) . The formula in [8] was deduced from the concise formula for the 
reproducing kernels of the 4spherical harmonics associated with h'^{x)\xd+i\^^ on the 
sphere S"^, which are intimately connected to orthogonal polynomials with respect to 
on For u 4^ 0, however, this connection no longer holds. 

In the case of G = Z2, the intertwining operator 14 is given explicitly by (IT^ . We 
state this case as a corollary. 
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Corollary 3.2. Let Wk,^,v be given in terms of Hk defined in ()2.2|) and let u > 0. For 
Ki > 0 and ly >0, 

/ I. p 1 pi p d 

III (£^(x,2/,'U,'U,5,i)) I I (1 + 52 ) 

.1 Jo J-1 ^[-1,1]^^ 2^.1 

d 

X Y[{1 - s^,)^^-^ds{l - - u)'^^^^du{l - v^^-idv, 

i^l 

which holds under the limit (ixa when fj, or any Ki is 0, where 

d 

C(a:, y, u, v, s, t) := ||a:|| \\y\\uv + (1 - m) ^ Xiy,Si + \/l - Hxlpy^l - WyW^t. 

i=l 

According to these concise formulas, Pn(hFK./i,!/) is an integral transform of the 
Gegenbauer polynomials, which means that the Fourier orthogonal expansions with 
respect to is connected to the orthogonal expansions in the Gegenbauer poly¬ 

nomials. Let w\{x) := (1 — x'^r~i for A > —1/2 and x G (—1,1) and cx be the 
normalization constant of wx. The Gegenbauer polynomials are orthogonal with 
respect to wx- For g G [—1,1]) and x,y £ B"^, define 

(3.6) L”’'"’'"g(?/) := / f f V,,[g{({-,x,y,u,v,t))] {x') 

J-iJo J-i 

X (1 - e)^-^dtu''-\l - uy^+'^duil - vy-idv. 

For / G and g G [-1,1]), define 

{f*K,iL,v9){x):=b^^^^^ f f{y)Ly'g{y)W^^f,^y)dy. 

JB'i 

This defines a convolution structure with respect to on B'^. To develop its 

property, we start with a lemma. 

Lemma 3.3. Let u > 0 and y > 0, and write X = Xk,ii,v Then for g G L^{wx', [—1,1]) 
and Pn G V^(VF„,^,,), 

(3.7) [ Ly'g{y)Pn{y)W^^^^y)dy = cx [ ^f^g{t)wx{t)dtPnix). 

JB'* J-1 FnW 

Proof. It follows directly from the definition that 

(3.8) PniW,.,.y,x, y) := Ly^Zy^iy). 

If g is a polynomial of degree at most m, then g can be written as 

(3.9) 5 (t) = ^ 5 ^Z^(<), with g^:=Cf,J -^j^g(t)wxit)dt, 

k—0 ^' 

where we have used the fact that the norm of is equal to C^(1)X /(u + A), which 
implies that 

n 

Ly'giv) = Yi 9nPk{W^,ny^ x,y), x,y £ B'^. 

Consequently, if m > n, then by the definition of the reproducing kernel, 

/ Ly‘'g(y)Pn{y)W^,,,,^{y)dy = gyn{y), 
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which proves ()3.7I1 for g being a polynomial of degree m > n and, hence, for g G 
L^{wx; [—1,1]) by the density of polynomials. □ 

Proposition 3.4. Let u > 0 and ^ > 0. Letp,q,r > 1 and p~^ = r~^ +9”^ — 1- For 
f G and g G ; [-1,1]), 

(3-10) 11 / <7|lvE.s,,.,„,p < ll/llvE.c,,i,„,(3ll9||ii)>,, ,, 

Proof. Following the standard proof of Young’s inequality, it is sufficient to show that 
< \\g\\w^,^,,,r for 1 < r < oo. Since K is nonnegative, |i4g| < Vfcdffl), 
it follow that < L^’''’^(|9|). Hence, the inequality (I3.6p holds for p = oo 

directly by the definition and for p = 1 by applying (1X71) . The log-convexity of the 
L’'-norm establishes the case for 1 < r < oo. □ 


Proposition 3.5. Let u, p > 0 and let g^ be the Fourier coefficient of g defined in 
dXH). Then for f € L^{WK,^,,l,,V.‘^) and g G L^{wx^ 

if g){x) = proj;;’^’'' f{x) 

This proposition justifies calling *K,p,jy a convolution. Its proof follows easily from 
(1X71) and from exchange of integrals. 

For (5 > 0, the Cesaro (C, i5) means /) of the Fourier orthogonal expansion 

is defined by 


\ d / —0 

which can be written as an integral of / against the kernel Let 

kf^{wx; s, t) be the Cesaro (C, 5) means of the Gegenbauer series; then 


ki{wx;s, 1 ) 






As a consequence of (13.81) . we can write 

(3.11) a:, y) = L, ; •, 1)] (y). 

Theorem 3.6. For p, u > 0, the Cesaro {C,5) means for satisfy 

1. if 6 > -I- 1, then S^{WK,tj.,u; f) > 0 if f{x) > 0,- 

2. f) converge to f in ; B'*) norm orC{M‘^) norm if 5 > 


Proof. The first assertion follows immediately from the non-negativity of the Gegen¬ 
bauer series [6]. For the second one, it is sufficient to show that 

max / \K^^{W^^f,yx,y)\WK.^fj,^y{y)dy 

xGB-i J^d 

is bounded, which can be deduced easily from the fact that the integral of |A:^(ryA; t, 1)| 
against wx is bounded if 5 > A by using (I3.11|) and applying ()3.7I1 with P„(y) = 1. □ 

In the case of k = 0, it is shown in that S > i/ + p + is also necessary for the 
second item in the above theorem. However, for u = 0, the necessary and sufficient 
condition is known in the case of G = Z2 as (5 > Uk p := 7 k — mini<i<d -|- p -|- 
m), which requires delicate estimate of the (G, S) kernel based on the explicit formula 
in Corollary [XT] We expect that the necessary and sufficient condition for the second 
item of the theorem is S > v + aK,fi. 
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We can also define the Poisson integral for / € by 

where 0 < r < 1 and the kernel is defined by 

I — y 


Pr{t) = 


(1 — 2rt + 


The Poisson kernel is non-negative and it satisifies 

OO 

P,^'>^’^{x,y) = Y,Pn{W.,>.yy,y)r^, O < r < l. 


n—0 


The standard proof for the Poisson integral of orthogonal expansions leads to: 


Theorem 3.7. For f G */ 1 < P < oo, or f G C(B‘^) if p = oo, 

lim,^i_ ||P.(W„.^.,;/) - = 0. 


4. Orthogonal polynomials and expansions on the simplex 

There is a close relation between orthogonal polynomials on the unit ball B*^ and 
those on the simplex 

:= {a: £ : xi > 0,..., ccd > 0,1 ~ |a^| > 0}, \x\ := xi + ... + Xd, 

under the mapping if : x G {xf, ..., x\) G T'^. Assume that is the reflection 

invariant weight function in (12.11) that is also invariant under which means that 
the reflection group G is a semi-product of a reflection group Go and Z^. Associated 
to this weight function, we define a weight function Uk,^,v on the simplex by 

(4.1) = h^{y/x {,..., y^)|a:|''(l - \x\Y~^f‘^, u -|- 7„ -I- d/2 > 0, p > -1/2, 

which means that o if){x)\xi-■ ■ Xd\, where is the weight 

function in (12.31) on B'^. In the case of in (12.21) associated to the group Z2, the 
weight function is 

d 

(4.2) - 1x1)'""^/^, /ti > 0, 

i=l 

which is the classical Jacobi weight function when u = 0. The case u ^ 0 has not been 
considered up to now. 

With respect to we dehne the inner product on by 

{f^9)l,u,y / f{x)g{x)U^^^^y{x)dx. 

JTi 

Let V^(GK,^,y, T'^) be the space of orthogonal polynomials with respect to this inner 
product. It can be shown, as in the case of u = 0 (cf. O Sect. 4.4]), that {f,g)^ fi u = 
if otf, gotf) ^ y, where (/, g)^ ^ j, is the inner product on B'^ defined in (12.41) and, as a 
consequence, ip induces a one-to-one correspondence between P G T'^) and 

Poip G GV2n(^K,/i,iy), the subspace of V^(WK,fj.,y) that contains polynomials invariant 
under Z2. In particular, let be the space that contains h-spherical harmonics 

in PmOY) that are invariant under Z2. 



ORTHOGONAL EXPANSIONS ON THE UNIT BALL 
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Proposition 4.1. For 0 < j < n, let {yl^ 2 n- 2 j ■ 1 ^ ^ ^ ^)} be an orthonor¬ 

mal basis of G'H 2 n- 2 jib‘‘K)- Define 

(4.3) := ■ • ■, 

Then the set {P ”^■■!<(< o-)(_ 2 j ,0 ^ J < is a mutually orthogonal basis 

ofVfl{U,,^,.,T% 

The mapping between orthogonal polynomials on the unit ball and those on the 
simplex extends to the reproducing kernels for the respective spaces, which allows us 
to derive a concise formula for the reproducing kernel •, •) of T'^), 

defined similarly as the one on the unit ball, and Pn{UK,^.,v) is the kernel function 
for the projection operator proj”’^’*^ : T'*) Indeed, for all 

x,y G T"^, it is known (O Thm. 4.4.5]) that 

(4-4) Pn{UK.,t,y X, y) = 2~^ ^ P 2 n(Wdc,/x,j/; Vx, e^/y), 


where ^/x = {^/xf ,..., y/xd) and eu = (eiMi, ..., SdUd)- This identity allows us to 
deduce a concise formula for PniUK,,ny x, y) from Theorem l3.ll in terms of the Gegen- 
bauer polynomial which we can rewrite in terms of the Jacobi polynomial 

by the quadratic transform between these two polynomials, that is. 


zL{t) = 


2n + A 
A 


^2n (f) — Pn 




^^(2t2-l)=:S0(2t"-l), 


where denote the orthonormal Jacobi polynomial of degree n. We state this 

formula explicitly in the case of G = Recall that + ^ + 7 ^ + 


Theorem 4.2. Let be given in terms ofh^, defined in (12.21) and let v > 0. For 

Ki > 0 and 12 > 0, 

PniUn,)!,!^! X,y) = [III {‘^C{x,y,U,V, S,t) 1) 

J-lJo 

d 

X ]^(1 — s^)'^*“^ds(l — d)^~^dtu‘'~^{l — du{l — v^y~^dv, 


which holds under the limit ( 1 ^ when pL or any Ki is 0, where 


d 

C{x, y, u, V, s, t) := ^J\x\y/\y\uv + (1 - u) ^ y/xfylsi + ^1- |a;|\/l - \y\^t. 

i=l 


In the case z/ = 0, this formula and its version for more general h^ are known 
(cf. [5]); the case 7 ^ 0 is new. We can also define a convolution between 

/ G and g G [“1:1])> where Wa,i3{t) := (1 -t)“(l + t)^ 

In fact, it can be defined as follows: 

(/ 9 ° ^)i.x) ■■= (/ o if) g{2{-y - l){x), 

where the convolution in the right hand side is the one defined in Section 3. The 
properties of this convolution can then be deduced from the corresponding results on 
the unit ball. In particular. Proposition 13.41 holds with the norm of || • \\u^,i_,,^,p and 
II • llu, 1 1 p. Much of the analysis from this point on can be carried out from the 
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correspondence between analysis on the ball and on the simplex, just as in the case of 
u = 0. We conclude this section with a result on summability. 

Let f) be the Cesaro {C,5) means of the Fourier orthogonal expansion 

with respect to 17 k, on and let /Fj^(17K./i,!/; u") be its kernel, both are defined 
similarly as the corresponding ones on the unit ball. In particular, we can also write 

f) = f +K./..1. 

where k^{wa,b] s, t) = k^{wa,b\ s, 1) denotes the Cesaro (C, (5) kernel of the Jacobi series 
for Wa,b on [—1,1] with one variable evaluated at 1. 


Theorem 4.3. For A > 0 and p > 0, the Cesaro (C, S) means for satisfy 

1. if 5> 2AK.^.t- + 1, then f) > 0 if f(x) > 0; 

2. f) converge to f in L^(C/K./i.i/; norm or C{T‘^) norm if S > 

We can also define the Poisson integral and establish an analogue of Theorem 13.71 
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